Abstract Many optimization problems on graphs are reduced to the determination of a subset of vertices of maximum cardinality which induces a k-regular subgraph. For example, a maximum independent set, a maximum induced matching and a maximum clique is a maximum cardinality 0-regular, 1-regular and (ω(G) − 1)-regular induced subgraph, respectively, were ω(G) denotes the clique number of the graph G. The determination of the order of a k-regular induced subgraph of highest order is in general an NP-hard problem. This paper is devoted to the study of spectral upper bounds on the order of these subgraphs which are determined in polynomial time and in many cases are good approximations of the respective optimal solutions. The introduced upper bounds are deduced based on adjacency, Laplacian and signless Laplacian spectra. Some analytical comparisons between them are presented. Finally, all of the studied upper bounds are tested and compared through several computational experiments.
Introduction
Throughout the paper, we deal with simple undirected graphs G, with vertex set V (G) = {1, . . . , n} and edge set E(G) = / 0. Since this graph has n vertices, we say that the graph has order n. We write u ∼ v whenever the vertices u and v are adjacent. The neighborhood of a vertex i ∈ V (G), that is, the set of vertices adjacent to i, is denoted by N G (i), the degree of i is d G (i) = |N G (i)|, ∆ (G) = max i∈V (G) d G (i) 
If G has at least one edge, then λ 1 > 0 > λ n . From now on we consider only simple undirected graphs with at least one edge which will be called graphs. Each adjacency eigenvalue of a graph G is main if the corresponding eigenspace contains an eigenvector which is not orthogonal to the all ones vector, otherwise is non-main. From Geršgorin's theorem, the eigenvalues of L G and Q G are nonnegative real numbers and since the entries of each row of L G sum 0, then the eigenvalue µ n = 0 is associated to the all ones eigenvectorê. The multiplicity of 0, as an eigenvalue of L G , is equal to the number of connected components of G. Furthermore, G is bipartite if and only if q n = 0. Further basic details about graph spectra can be found in [6, 8] . A vertex subset inducing a 0-regular subgraph is called an independent (or stable) set. A maximum independent set is an independent set of maximum cardinality and its cardinality is called independence number and it is denoted by α(G).
In [3] it was proved that the problem of finding a maximum cardinality subset of vertices inducing a k-regular subgraph is NP-hard. Throughout this paper, this maximum is denoted by α k (G). Note that in the particular case of k = 0, α 0 (G) = α(G).
The study of spectral upper bounds on the order of k-regular induced subgraphs (it should be noted that the independent sets are 0-regular induced subgraphs) appear in [3, 4, 5] . In [1] (see also [11] ) an upper bound on the order of induced subgraphs with average degree d (based on adjacency eigenvalues) was obtained for regular graphs, extending the ratio bound (1.7) to the general case of maximum kregular induced subgraphs (when k = 0, this bound coincide with the ratio bound). A similar result was obtained in [3] , using convex quadratic programming techniques. In [4, 5] the arbitrary graph case is analyzed and upper bounds on the order of kregular induced subgraphs are presented. In [4] , the upper bounds are obtained using adjacency eigenvalues and eigenvectors, namely the least eigenvalue (whether it is non-main) and the corresponding eigenspace. In [5] , the upper bound is obtained using a quadratic programming technique jointly with the main angles (see [8] for details) and the induced subgraph just must have average degree d.
The main goal of this paper is to introduce some new spectral upper bounds on the order of k-regular induced subgraphs, making an analytic comparison between them when possible. These new upper bounds are based on adjacency, Laplacian and signless Laplacian eigenvalues. Finally, a few computational experiments are presented.
Concepts and fundamental results
In this section, we introduce some definitions and we recall the previously obtained results needed for the deductions in the next section. In particular, we survey results concerning to spectral upper bounds on the order of k-regular induced subgraphs.
For arbitrary graphs, consider a graph G of order n with V (G) = S ∪ S c , where S ⊆ V (G) denotes a vertex subset inducing a k-regular subgraph and S c is its complement. The set of edges with just one end vertex in S, that is, the cut set defined by S is denoted ∂ (S). Hence,
The next result relates the cardinality of the cut set ∂ (S) to the largest eigenvalue of the Laplacian matrix of a graph G.
Lemma 1. [16] Let G be a graph of order n and S ⊆ V (G). Then
Another relationship involving the largest Laplacian eigenvalue and the least adjacency eingenvalue of a graph G is (see [8] ).
Now we consider some relationships involving signless Laplacian eigenvalues. Assuming that G is a connected graph of order n, according to [7] , the least eigenvalue of Q G is zero if and only if G is bipartite and, in that case, zero is a simple eigenvalue. They also proved that
Moreover, according to [9] ,
From Weyl's inequalities we have an improvement of inequalities (1.3) and we state relationships between signless Laplacian and adjacency eigenvalues.
We now present some spectral upper bounds on the size of k-regular induced subgraphs starting with the particular case of k = 0, for which we consider only the ones most related with this work.
Bounds on α(G)
In the case of regular graphs, the well known ratio bound, obtained by Hoffman (unpublished) and presented by Lovász in [14] can be stated by the following theorem where, for the last statement, the necessary condition was proved in [12] and the sufficient condition was proved in [2] .
Theorem 1. [2, 12, 14] If G is a regular graph of order n, then
Furthermore, the cardinality of an independent set S attains the upper bound if and only if S is (0, τ)-regular, with τ = −λ n .
The ratio bound (1.7) was extended by Haemers for arbitrary graphs, according to the following theorem.
Theorem 2. [11] If G is a graph of order n, then
The next spectral upper bound based on the largest Laplacian eigenvalue was independently deduced in [15] and [10] . Theorem 3. [15, 10] If G is a graph of order n, then
(1.9)
Bounds on α k (G)
Cardoso, Kamińsky and Lozin in [3] introduced the following family of convex quadratic programming problems:
whereê is the all ones vector, I n the identity matrix of order n, k ∈ N ∪ {0} and τ = −λ n and they proved that α k (G) ≤ υ k (G), where α k (G) is the cardinality of a vertex subset inducing a k-regular subgraph of maximum order. In fact, in [3] , the obtained result was stated as follows. 
Considering the particular case of regular graphs we have the following theorem, where the upper bound was obtained in [11] and the last statement was proved in [3] .
Theorem 5. [3, 11] If G is a p-regular graph of order n, then
Furthermore, the equality holds if and only if there exists S
In [4] , considering the quadratic program not necessary convex (1.10), with τ > 0, it was proved that 12) where G c denotes the complement of the graph G, that is, the graph such that
Furthermore, the following upper bound was obtained. 
Later, in [5] , using a quadratic programming technique jointly with the main angles of G, the upper bound (1.13) was improved as follows.
Theorem 7. [5] Let G be a graph of order n, and let S be a set of vertices which induces a k-regular subgraph of G
(1.14)
(−1) n P G (−t) and P G (x) = det(xI − A).
Upper bounds based on the spectrum of A G , L G and Q G
Now it is worth to recall the following theorem obtained by Haemers. As a consequence of this theorem, we have the following corollary.
Corollary 1. If G is a graph of order n, then,
Proof. Let us consider the vertex partition V (G) = S ∪ S c , where S induces a k regular subgraph of G. Applying Theorem 8-(i), setting n 1 = |S| and d 1 = k, we have, The next corollary is a consequence of Lemma 1.
Corollary 2. If G is a graph of order n, then
Proof. Considering a vertex subset S ⊆ V (G) inducing a k-regular subgraph and taking into account that (as defined before
Sinced S ≥ δ (G), the inequality (1.16) follows.
If a graph G is p-regular, from (1.2) µ 1 + λ n = p and we may conclude that the upper bound (1.16) is equal to (1.11) .
Before the introduction of a new upper bound on the order of k-regular induced subgraphs in function of the largest and the least eigenvalues of the signless Laplacian matrix, it is worth to introduce the following lemma.
Lemma 2. Let G be a graph of order n without isolated vertices. If G is bipartite or
1. If G is bipartite without isolated vertices, then q n = 0, δ > 0 and therefore, 4δ 2 
2 ≥ 2δ ∆ and, taking into account (1.3) and (1.4), since q 1 ≤ 2∆ and δ > q n it follows 4δ 2 − q n q 1 > 0. 3. Finally, if q 1 < 4δ , then q 1 q n ≤ 4δ q n < 4δ 2 , that is, q 1 q n < 4δ 2 and so 4δ 2 − q n q 1 > 0.
Notice that there are graphs G, with δ = δ (G), such that 4δ 2 − q n q 1 ≤ 0, as it is the case of the graph depicted in Figure 1 .1 which has δ = 2, q n = 1.4991 and q 1 = 10.8517. Fig. 1 .1: Graph G, with 4δ (G) 2 − q n q 1 ≤ 0.
Theorem 9. Let G be a graph of order n such that
and assuming that the inequality of (1.17) holds, we have
From (1.6),
Since, from (1.3),
2 ≥ δ and, as it is well known, λ 1 ≥ δ , it follows that δ 2 −
Considering the function f (k) and setting k = 0 and ∆ = δ + ξ with ξ a nonnegative integer we may define the function
Therefore, g(δ , ξ ) is a decreasing function with respect to ξ . Since g(δ , 0) = −nδ 2 λ 1 λ n − δ 3 ε + nδ 2 q 1 4 q n + λ 1 λ n εδ and δ = ∆ it follows that λ 1 = δ . Furthermore, from (1.3), q 1 2 = δ and from (1.6), q n = δ + λ n . Therefore,
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Finally, since ε = nδ 2 we obtain g(δ , 0) = −nδ
2 λ n = 0 and thus, for all nonnegative integers δ and ξ , g(δ , ξ ) ≤ 0. Therefore, f (0) ≤ 0 and, since f (k) is a decreasing function, we may conclude that f (k) ≤ 0 for all k.
As immediate consequence of Corollary 1 and Theorem 9 we have the following corollary.
Corollary 3.
If G is a graph of order n, ε edges, ∆ = ∆ (G) and δ = δ (G), such that
According to [7] , a graph G with n vertices and ε edges is regular if and only if 4ε = nq 1 . Furthermore, when G is regular its degree is equal to q 1 2 . Thus, assuming that G is p-regular, has n vertices and ε edges, by Lemma 2 the hypothesis of Corollary 3 is fulfilled and then we may write
Therefore, for regular graphs, all the upper bounds (1.18), (1.16), (1.15) and (1.11) are equal. Notice that there are graphs for which these upper bounds are tight. For instance, if G = K n (a complete graph of order n), then λ 1 = n − 1 and Throughout the paper, in all the proofs of the presented results, only the average degree in S is used and then, in all the obtained results we may replace k-regular induced subgraph by induced subgraph with average degree k. Moreover, all the obtained results remain valid when we consider positive weights on the edges, assuming in that case that the degree of a vertex v is then the sum of the weights of the edges incident to v.
Computational experiments and conclusions
In this section, several computational experiments with the upper bounds (1.15), (1.16) and (1.18) are presented in Table 4 .1 In each row of this Table appears the order n, the maximum degree ∆ , the minimum degree δ , the degree of a regular induced subgraph k and the computed upper bounds on the order of this induced subgraphs for some of the graphs of the family considered in the Second DIMACS Implementation Challenge (see [13] ).
Notice that for the particular case of regular graphs the upper bounds (1.15), (1.16) and (1.18) are all equal. Moreover since, according to the Theorem 9, the upper bound (1.15) is less or equal than the upper bound (1.18), it follows that 4|E(G)|(∆ (G) + k) − nq n q 1 4δ (G) 2 − q n q 1 ≥ min 2k|E(G)| − nλ 1 λ n δ 2 − λ 1 λ n , n k + µ 1 − δ µ 1 .
Concerning the comparison between the upper bounds (1.15) and (1.16) and also between (1.16) and (1.18), the computational results presented in the Table 4 .1 show that none of them is always better than the others. In fact, regarding the upper bounds (1.15) and (1.16), for k = 0, 1, 2, the former is better than the later. However, for much greater values of k, there are several graphs for which the upper bound (1.16) is better than (1.15). Finally, it should be noted that for the graphs MANN-a9 and MANN-a27 for k = 0, 1, 2 the upper bound (1.18) is better than the upper bound (1.16).
